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Abstract 



Oh. In the four-dimensional effective theory from string compactification dis- 

,^ , Crete flavor symmetries arise from symmetric structure of the compactified 

space and generally contain both the R symmetry and non-i? symmetry. We 
^ . point out that a new type of non-Abelian flavor symmetry can also appear 

^ . if the compact space is non-commutative. Introducing the dihedral group D4 

as such a new type of flavor symmetry together with the R symmetry and 
non-i? symmetry in SU{&) x SU{2)ji model, we explain not only fermion mass 
hierarchies but also hierarchical energy scales including the breaking scale of 
the GUT-type gauge symmetry, intermediate Majorana masses of R-handed 
neutrinos and the scale of /x-term. 
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1 Introduction 

Quark and lepton masses and mixing angles exhibit apparent characteristic patterns. 
Many authors have made attempts to explain these characteristic patterns by in- 
troducing an appropriate flavor symmetry and by relying on the Froggatt-Nielsen 
mechanism[0]. As for the flavor symmetry attention has been confined to continuous 
symmetry such as the gauged U{1). However, in the string theory, which is the only 
known candidate of the unified theory including gravity, discrete symmetries very 
likely arise as the flavor symmetry from the symmetric structure of the compactified 
space. As seen from the geometrical construction of Calabi-Yau space and also from 
the algebraic construction given by the Gepner model0, in the string theory it is 
likely that we have both R and non-i? discrete symmetries as the flavor symmetry. 

On the other hand, there are several characteristic scales in energy regions rang- 
ing from the string scale M s{0 (10^^) GeV) to the electroweak scale Mpv(O(10^)GeV). 
First, the breaking scale Mqut of the GUT- type gauge symmetry should be larger 
than O(10^^)GeV to guarantee the longevity of the proton. Second, the seesaw mech- 
anism for neutrinos implies that the Majorana mass scale M^ of R-handed neutrinos 
is expected to be O(10^'^"'^^)GeV. Third, in order for the effective theory to be consis- 
tent with the standard model, the scale of the /x-term is required to be O(10^"'^)GeV. 

In this paper we concentrate our attension on whether or not these characteristic 
scale hierarchies are derivable from the flavor symmetry. In our previous work [Q, 
in which we chose a discrete Abelian R symmetry as the flavor symmetry together 
with SU{6) X SU{2)ji gauge symmetry, it was shown that the gauge symmetry is 
spontaneously broken at tree level down to the standard model gauge group Gsm = 
SU{3)c X SU{2)l X U{1)y in two steps. Furthermore, we explained the triplet-doublet 
splitting as well as fermion mass hierarchies except for neutrinos. However, we could 
not derive the correct scale of the Majorana mass Mr of R-handed neutrinos. In 
fact, in the previous paper |0| we obtained the result that Mr is either around colored 
Higgs mass scale or around the scale of the /x-term. Phenomenologically, the scale 
Mr is required to be almost equal to the geometrically averaged value between Ms 
and M^. In order for us to explain such a scale of Mr, it seemed that we need an 
additional flavor symmetry. 

Recently, extensive studies of string with discrete torsion have been made|Q, |[. 
The discrete torsion is inherently related to the introduction of nontrivial background 



B field. In the presence of background B field coordinates of D-branes become non- 
commutative operators[0. The non-commutativity of coordinates is closely linked to 
quantum fluctuation of compactified space. Due to the quantum fluctuation of the 
compact space coordinates are described in terms of a projective representation of 
the discrete symmetry group. In the string theory massless matter fields correspond 
to the degree of freedom of the deformation of compact space. Various types of the 
deformation are represented by approriate functions of the coordinates with definite 
charges under the discrete group. Therefore, massless matter fields are also described 
in terms of the projective representation. On the other hand, four-dimensional effec- 
tive Lagrangian of the theory should belong to the center of the non-commutative 
algebra, which is the subalgebra consisting of commuting elements of the algebra. 
This means, as we shall see in the following section, that a new type of flavor sym- 
metry also arises in the compact space with non- commutative geometry. 

Motivated by phenomenological requirements, in this paper we introduce as the 
flavor symmetries a discrete non-Abelian symmetry as well as discrete Abelian sym- 
metries. As for Abelian symmetries we choose i?-parity and Z3 x Z5 /? symmetry in 
addition to Z2 x Z7 non-i? symmetry. Further, we introduce the dihedral group D4 
as a non-Abelian symmetry and take its projective representation arising from the 
non-commutativity of coordinates. Applying this new type of the flavor symmetry 
to the SU{6) X SU{2)ji model, we explain not only fermion mass hierarchies but 
also hierarchical energy scales including the breaking scale of the GUT-type gauge 
symmetry, intermediate Majorana masses of R-handed neutrinos and the scale of 
/x-term. 

This paper is organized as follows. In section 2 it is pointed out that the string the- 
ory naturally provides a discrete symmetry, in which non-Abelian symmetry is likely 
contained together with Abelian R and non-R symmetries. The discrete symmetry 
plays a role of the flavor symmetry. When coordinates are described in terms of a 
projective representation of the discrete symmetry, matter flelds also have matrix- 
valued charges of the discrete symmetry. In section 3 we briefly review the minimal 
SU{6) X SU{2)ii model and introduce Abelian R and non-i? symmetries as the fla- 
vor symmetry. We attempt to explain not only fermion mass hierarchies but also 
hierarchical energy scales. It is found that an additional selection rule is needed 
to explain the hierarchical energy scales. In section 4 we introduce a non-Abelian 
discrete symmetry to yield the additional selection rule and take its projective rep- 



resentation. This non-Abelian group turns out to be just the dihedral group D4. By 
using the flavor symmetry including 1^4 together with Abelian R and non-i? symme- 
tries, mass spectra and fermion mixings are studied in section 5. The results come 
up to phenomenological requirements. Whether we obtain the LMA-MSW solution 
or the SMA-MSW solution is controlled by the assignment of Abelian flavor charges. 
Final section is devoted to summary and discussion. 



2 Discrete flavor symmetries 

In the string theory discrete symmetries stem from the symmetric structure of com- 
pact space. As a simple example of Calabi-Yau space let us consider the quintic 
hypersurface 

F{z)=j:z! = (1) 

in CP^ with the homogeneous coordinates Zi (i = 1 ~ 5). On this Calabi-Yau space 
we have the discrete symmetry 

G = S5 K (Z5) VZ5 , (2) 

where five Zs's represent the phase transformations Zi -^ a"* Zi with a^ = 1 and 
with integers n^. Massless matter fields are classified according to charges of the 
discrete symmetry. Then the discrete symmetry plays a role of the flavor symmetry. 
String compactification on this hypersurface corresponds to the 3^ Gepner model[0. 
In Gepner model the compact space is algebraically constructed in terms of a tensor 
product of discrete series of A^ = 2 superconformal field theory with level fcj. When 
the trace anomaly condition 

is satisfied, we have a complex 3-dimensional Calabi-Yau space with the discrete 
symmetry 

G = Gpxfl Z,,+2/Zz , (4) 



where / is the I.e. in. of fcj + 2 (i = 1 ~ r) and Gp permutes the different variables 
of the same level ki. The product ni=i '^ki+2 is R symmetry, while Gp is non-i? 
symmetry. The Gepner model with r = 5 corresponds to string compactification on 
weighted hypersurfaces in weighted GP'^ 0. 

As seen from these examples of compact spaces, in the string theory there can 
appear various types of discrete R symmetry and discrete non-i? symmetry as the 
flavor symmetry. Since the discrete symmertry group G in the above examples con- 
tains semi-direct products of Abelian groups in addition to a permutation group, G 
is non-Abelian as a whole. Thus it is natural to expect that the symmetry group is 
non-Abelian in general. 

Let us first consider a compact space with an Abelian discrete symmetry. In 
string with discrete torsion the coordinates become non-commutative operators and 
are represented by a projective representation of the Abelian discrete symmetry [^]. 
Hereafter the coordinates are referred to as quantum coordinates. We illustrate quan- 
tum coordinates with the above example. In the case of the quintic hypersurface in 
CP^ quantum coordinates are described in terms of the projective representation of 
{7i^Y ^^d given byp| 






(5) 



where Pi and g^ (i = 3, 4, 5) are integers and 



P = diagfl, a, a , a , a 



Q 



/ 1 \ 

10 

10 

10 

V 1 y 



(6) 



with a^ = 1. Since P and Q satisfy the relations 



P' = Q^ = 1, PQ = aQP, 



(7) 



we have 



Z1Z2 = az2Zi, 



The quantum fluctuation of coordinates is described in terms of the matrices P 
and Q, which represent the non-commutativity in the compact space. When the 
quantum fluctuation is switched off, namely, in the string without discrete torsion, 
the matrix factors of Zi given by the products of P and Q disappear. In this case 
we are led to a compact space with commutative geometry (classical geometry) 0. 
Massless matter fields in effective theory correspond to the degree of freedom of 
deformation of the compact space. In the above example the deformation is described 
in terms of polynomials of homogeneous coordinates Zi with definite charges under 
the discrete group. This correspondence is expected to hold also in the case of non- 
commutative geometry. Since massless matter fields correspond to functions of the 
quantum coordinates Zi, massless matter fields become matrix- valued. On the other 
hand, four-dimensional effective Lagrangian of the theory should belong to the center 
of the non-commutative algebra. This means that a new type of flavor symmetry 
arises in the compact space with non- commutative geometry. 

We next consider an extension of the above argument to the compact space with 
a non-Abelian discrete symmetry. Based on the analogy to an Abelian discrete sym- 
metry, we take the first ansatz that the quantum fluctuation of the coordinates is 
represented by a projective representation of the non-Abelian discrete symmetry. 
This ansatz implies that for coordinates we introduce the nontrivial commutation 
relation different from the usual canonical commutation relations!^, |rU|. The second 
ansatz is that the degree of freedom of the deformation is expressed by the functions of 
quantum coordinates in the compact space with a certain non-Abelian discrete sym- 
metry. Therefore, massless matter fields in effective theory are described in terms of 
quantum coordinates and become matrix-valued. Consequently, we have a new type 
of the flavor symmetry coming from the quantum fluctuation of coordinates. 

In this paper we introduce Z2 K Z4 symmetry as the discrete non-Abelian flavor 
symmetry and consider its projective representation, which is motivated by phe- 
nomenological requirements as shown in section 4. The Z2 and Z4 groups are ex- 
pressed as 

Z2 = {1, ^1}, (9) 

Z4 = {1, 92, gl gl), (10) 



**This situation is analogous to the appearance of the degree of freedom of spin in quantum 
mechanics. When we take the hmit ?i ^ 0, coordinates commute with their conjugate momenta and 
also the degree of freedom of spin disappears. 



respectively and we assume the relation 

9i929i^ = 92^- (11) 

The group Z2 x Z4 is nothing but the dihedral group D4. The elements gi and g2 
mean the reflection and 7r/2 rotation of a square, respectively. In view of the fact 
that D4 C 5*0(3) C 5*0(6) it is plausible that the dihedral group D4 is contained 
in the discrete symmetry from six-dimensional string compactification. A vector 
representation of 1^4 is given by 



^91= \ ] ^" I = ^2, ^^2 " I ^ ' " ^^^' ^^^^ 



On the other hand, a projective representation of D4 is given by 



^91 = K n^ 1 = ^2, ^92 = I Z I ^^^^ 





and 



751732 731^ = hg,^- (14) 



We will use this projective representation of D4 in section 4. 



3 Minimal 5/7(6) x SUi2)R model 

In this paper we take up minimal SU{6) x SU(2)ji string-inspired model, which has 
been studied in detail in Refs.0, ^, 0, |l^, [l^. Here we briefly review the main 
points of the model. 

(i). We choose SU{6) x SU{2)r as the uniflcation gauge symmetry at the string 
scale Ms, which can be derived from the perturbative heterotic superstring 



theory via the flux breaking [|15 . 




(ii). Matter chiral superfields consist of three families and one vector-like multiplet, 
i.e., 

3 X 27(<|)i,2,3) + (27($o) + 27($)) (15) 

in terms of Eq. Under Ggauge = SU{6) x SU{2)r, the superfields $ in 27 of Eq 
are decomposed into two groups as 



$(27) = <' "^^"'^^ '■ Q'^'9,9^S, 



where g, g'^ and Hu, Hd represent colored Higgs and doublet Higgs superfields, 
respectively. iV^ is the right-handed neutrino superfield and S is an 50(10)- 
singlet. 

(iii). Gauge invariant trilinear couplings in the superpotential W become to be of 
the forms 

(0(15, 1))=^ = QQg + Qg'^L + g'gS, (17) 

0(15,1)(V^(6*,2))2 = QHdD' + QHuW + LHdE' + LHuN' 

+SHuHd + gN^D"^ + gE'^U'^ + ^"f/"D^ (18) 

It has been found that this model contains phenomenologically attractive features. 
In the conventional GUT-type models, unless an adjoint or higher representation mat- 
ter(Higgs) field develops a non-zero VEV, it is impossible that the large gauge symme- 
try is spontaneously broken down to the standard model gauge group Gsm via Higgs 
mechanism. On the other hand, as explained above, in the present model matter fields 
consist only of 27 and 27. The symmetry breaking of Ggauge = SU{Q) x SU(2)r down 
to Gsm can take place via Higgs mechanism without adjoint or higher representation 
matter fields. In addition, S'f/(6) x SU{2)fi is one of the maximal subgroups of Eq. 
Further, it is noticeable that doublet Higgs and color-triplet Higgs fields belong to 
different irreducible representations of Ggauge- This situation is favorable to solve the 
triplet-doublet splitting problem. 

As the flavor symmetry we introduce Abelian discrete R and non-i? symmetries 
in the first place. Concretely, as for the R symmetry we take i?-parity and Zm- We 
assign odd -R-parity for $1,2,3 and even for $0 and $, respectively. Since ordinary 
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Table 1: Assignment of Zjv/Af-charge and i?-parity for matter superfields 





$i {i = 1,2,3) 


$0 $ 


0(15, 1) 
^(6*, 2) 


(a., -) 
{b^, -) 


(ao, +) (a, +) 
(bo, +) (&, +) 



Higgs doublets have even i?-parity, they belong to $o- As for the non-i? symmetry 
we take Zjy. Assuming that M and N are relatively prime, we combine as 



Zm X Z 



N 



^MN- 



(19) 



In this case Grassmann number 6 in superfield formalism has a charge (—1, 0) under 
Zm X Zjy. The charge of 9 under Zmn is denoted as qo. Z^Ar-charges of matter 
superfields are denoted as Oj and bi, etc. as shown in Table 1. 

In the superpotential there appear various types of non-renormalizable terms which 
respect both the gauge symmetry and the flavor symmetry. In i?-parity even sector 
the superpotential contains the terms 



Wi 



M?"^ 



S Z^^i 
i=0 



Ml, 



Ml, 



(20) 



where Aj = 0{1) and the exponents are non-negative integers which satisfy the Zmn 
symmetry condition 



ni{ao + a) + miipQ + b) — 2qg = mod MN. 



(21) 



Through the minimization of the scalar potential with the soft SUSY breaking mass 
terms characterized by the scale mo = (9(10^)GeV, matter flelds develop non-zero 
VEV's. In Refs.[|I^ and [|1^] we have studied the minimum point of the scalar poten- 
tial in detail. If and only if the relations 



Hi 



[r - i)nr-i, 



rrii = irrii 



0~r) 



(22) 



are satisfled, the gauge symmetry is spontaneously broken in two steps in a tolerable 
parameter region of the coefficients A,[|18[. Further, the scales of the gauge symmetry 
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breaking are given by 

1(00)1 = 1(0)1 ~ M5pi/^(--i), 

l(^o)| = |(?^)| ~ M5p"^-^/2("°-^)'"S (23) 

where p = mo/ Ms ~ 10^^^. The D-flat conditions require |(0o)| = I (0)1 and [("^o)! = 
\{'ip)\- Under the assumption rij—i > rrii we have 

K0o)|>|(V^o)|. (24) 

Then the gauge symmetry is spontaneously broken at the scale |(0o(15, 1))| and 
subsequently at the scale |('0o(6*, 2))|. This yields the symmetry breakings 

SU{6) X SU{2)n ^ Sf/(4)ps x Sf/(2)L x 5f/(2)« ^ Gsm, (25) 



where SU{A)ps is the Pati-Salam 5'f/(4)|T9|. Since the fields which develop non- 
zero VEV's are singlets under the remaining gauge sjTiimetries, they are assigned as 
(0o(15, 1)) = {So) and (V^o(6*, 2)) = {N^). Below the scale |(0o)| Froggatt-Nielsen 
mechanism is at work for the non-renormalizable interactions |l[]. 

Majorana masses for R-handed neutrinos are induced from the non-renormalizable 
terms 



-1 / SqS 



Ui, 



^s[j^j i^^^M^) (^,J = 1,2,3), (26) 

where the exponents are given by 

(ao + a)uij + bi + bj + 2b - 2qe = mod MN. (27) 

In fact, these terms lead to the Majorana mass terms 

MjN^N^ ~ x''^^ (^-^] N^N^ (28) 



Ms 



in Ms units, where we use the notation 



X = iM^ (29) 

"^ Ml • ^^' 
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From Eq.(p3D we have 

a;"»-i ~ p ~ 10"^^ (30) 

Phenomenologically, it is desirable that the Majorana mass for the third generation 
is (9(10^°'"^^)GeV. This scale is almost equal to the geometrically averaged value 
between Ms and M\y, namely, 

This is translated as 

^^33 H ^ — • (32) 

nil 2 

Further, colored Higgs mass coming from 



-jp] Sogogo, (33) 



is given by 



m 



90 



/,g = x^" (So). (34) 



The Zmn symmetry controls the exponent Coo as 

(ao + a) Coo + 3ao - 2qe = mod MN. (35) 

In order to guarantee the longevity of the proton. Coo should be sufficiently small 
compared to uq. On the other hand, the /i-term induced from 

Co "oX ''oo 
V72" ) SoHuoHdo , (36) 

is of the form 

/i = x*°(S'o). (37) 

The exponent r/oo is determined by 

(ao + a)r7oo + cto + 2&o - 2qg = mod MN. (38) 

11 



To be /i = (9(10^~^)GeV, we need to obtain t^qo ~ "n-o as a solution. 

In order to find out a solution to the condition ( p^ ) as well as < Coo *^ ^o and 
^00 ~ ""-0; it is assumed that ZjvfAf-charges of all matter superfields but are even 
and that Oq + a = —4. Further, if g^ = even and qe <C MN and if oq = ^j + ^j = 
MN — 2 = mod 4, we can expect that Eqs.(0), (^) and ( |38D are reduced to 



-Avij + hi + hj + 2h-2qe = ~MN, (39) 

-4Coo + 3ao - 2ge = 0, (40) 

-Arioo + ao + 2bo - 2qg = -2MN. (41) 

Here we put M =odd and N = 2 mod 4 so as to render qg even. To be more specific, 
we choose a typical example 

M = 15, N = 14. (42) 

In order to get qg <^ MN we take \M — N\ = 1 and then qg = N. Furthermore, 
for the sake of simplicity, M and A^ are chosen such that when decomposed into 
prime factors, all the prime factors are numbers with one figure. Thus we take the R 
symmetry Z15 = Z3 x Z5 and the non-i? symmetry Z14 = Z2 x Z7. In this case we 
obtain qg = 14 and qg -C MN. Further we put 

bo + b = -49. (43) 

Under these parametrizations Eq.([2l|) becomes 

- Am - 49mi - 28 = mod 210. (44) 

Since this equation allows the case 

- Arii - 49mi - 28 = -210, (45) 



we can not derive the relation (|2^). Then we need to forbid this case by introducing 
an additional selection rule. If the additional selection rule requires rrii = mod 4, 
Eq.(^) is rewritten as 

- Aui - A9mi - 28 = -420. (46) 

This leads to 

(n„ mi) = (98, 0), (49, 4), (0, 8), (47) 
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which are in accord with the relation (p^). 

There appears similar situation in the /x-term. In addition to the term (|36D , the 
non-renormalizable term 



Ml) [-Mfj 



SoHuoHdo (4^ 



is also allowed and leads to an additional /i-term 

^' = ^v'ooHnr-i/rm (^g^y (49) 

The exponents are determined by 

- Atj'qq - 49{ + ao + 26o - 28 = mod 210. (50) 

This allows the case 

- Ati'qo - 49{ + ao + 26o - 28 = -210. (51) 

As a result we obtain an unrealistic solution /i' ^ yU = O(10^~^)GeV. We also need 
to forbid this solution. If the additional selection rule requires C, = mod 4, then 
Eg . (|50|) is reduced to 

- 4r^^o - 49^ + ao + 2bo - 28 = -420. (52) 

In this case we can obtain /i, fi' = 0(10^'"'^) GeV. Thus we need an additional selection 
rule under which both the exponents rrii and ^ of (ipoip) in Eqs. (pOf ) and ( ^8]) should 
be multiples of 4. 



4 Discrete non-Abelian symmetry 

As an additional flavor symmetry we introduce a discrete non-Abelian symmetry. It 
is postulated that due to the quantum fluctuation of coordinates this discrete non- 
Abelian symmetry is described in terms of the projective representation and that 
massless matter fields are matrix- valued. We denote matrix- valued charges of matter 
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Table 2: Assignment of matrix- valued charges 





$^(^ = 1,2,3) 


$0 $ 


0(15, 1) 
^(6*, 2) 


Ai 
Bi 


Ao A 
Bo B 



fields as Ai and Bi, etc. as shown in Table 2. Since effective Lagrangian of the theory 
is the center of the non-commutative algebra, all the terms in the superpotential 
should be proportional to unit matrix provided that 6"^ is neutral under the non- 
Abelian symmetry. Therefore, we have a new type of selection rule arising from the 
projective representation of non-Abelian symmetry. 

From the superpotential terms (pOD, (p3D, (p^) and (|48|) we have the non-Abelian 
symmetry conditions 



{AoAf'Alocl, 



{AoAy'° AoB', ocl, 



^\« 



(53) 
(54) 
(55) 

(56) 



{AoAY'' {BoBY AoB', ocl, 

respectively. When we put AoA = 1, Eg. (^4]) yields Af, oc I. Accordingly, we take a 
simple choice Ao = A = 1. In this choice the above conditions are reduced to 

{BoBy\ {BoBf, E^cxl. (57) 

As discussed in the previous section, we need the selection rule 

mi = ^ = mod 4, (58) 

which are expressed as 



x4 



BnB] OCl, 



\2 



{BoB) 9^1. 



(59) 



We turn to quark/lepton mass matrices. Mass matrix for up-type quarks comes 
from the term 



m, 



u 



SqS 



fJ'ij 



QiU-H, 



uO 



(60) 
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with rriij = 0{1). Due to the Froggatt-Nielsen mechanisin the mass matrix is given 

by 

MijVu = rriij x^'iVu. (61) 

The exponent iiij is determined by 

- A^iij + fli + 6j + 60 - 28 = mod 210. (62) 

In addition, the non-Abehan symmetry condition 

[AoA^ ABjBo = ABjBo ex 1 (63) 

is obtained. We here choose a solution under which this non-Abehan condition is 
satisfied irrespective of i, j {i,j = 1, 2, 3). This choice is in hne with the assumption 
that there is no texture-zero in quark/lepton mass matrices. Thus we put 

A,=A2 = A3, B^=B2 = Bs (64) 

and then obtain 

A^B.Bo ex 1. (65) 

If we took a different choice for matrix- valued charges Ai and Bi [i = 1,2,3), there 
could appear texture-zeros in quark/lepton mass matrices. Here we do not consider 
such a case. 

In the down-quark sector mass matrix is given by[^, |ll], |12|, ^ 



j^ ^ 9 lysZ vnM \ (66) 

in Ms units, where ys = {So)/Ms, Vn = {^q) l^s and pd = Vd/Ms- Since g'^ and 
D^ have the same quantum number under the standard model gauge group, mixings 
occur between these fields. Consequently, mass matrix for down-type quarks becomes 
6x6 matrix. The above g -g'^ submatrix coming from the term 



z. 



'' ^ III) 

15 



So9r9-, (67) 



is given by 



^ij '^ij ^ 



with Zij = 0{1). The flavor symmetry requires the conditions 

- ACij + ai + aj + ao- 28 = mod 210, 

(AoAY^' A AjAo = Al ocl. 
In the charged lepton sector mass matrix is of the form||^, |Tl|, |12|, |14 



(68) 

(69) 
(70) 



Ml 



L- 




(71) 



in Ms units. Since Hd and L also have the same quantum number under the standard 
model gauge group, mixings occur between these fields. The above Hd-Hu submatrix 
coming from 



is expressed as 



Ml 



Hi 



SoHdiHuj , 






(72) 



(73) 



with hij = 0{1). From the flavor symmetry we have the conditions 

- 4r]ij + bi + bj + ao- 28 = mod 210, (74) 

[AoAy BiBjAo = 5| ocl. (75) 

In the neutral sector there exist five types of matter fields H^, H^, L^, N'^ and S. 
Then we have 15 x 15 mass matrix |^, [TT], |T^ H 



M 



NS 





K 


H'd 


L' 


N^ 


S 


K 


( 


ysn 


VnM^ 





PdM^\ 


H'd 


ysU 











PuM^ 


L' 


VnM 








PuM 





N^ 








PuM^ 


U 


JT 


S 


{ PdM 


puM 





T 


s ) 



(76) 
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in Ms units, where pu = Vu/Ms- In this matrix the 6x6 submatrix 



Mm =\^^% \ (77) 



play a role of Majorana mass matrix in the seesaw mechanism. The 3x3 submatrix 
M has already been given in Eq.(^). The flavor symmetry leads to the conditions 

- Avij + bi + bj + 2b -28 = mod 210, (78) 

(AoA) '" (B^B) (B^B) = {B,Bf oc 1 (79) 



The submatrix S induced from 



/ c c \ "^^ J 



Ml 



is expressed as 

2 



Ms'iiw (MiM)^ (80) 



iS) 



' "is. 



'' ■^ ' Ms 



The exponents are determined by 

- Aaij + ai + aj + 2a -28 = mod 210. (82) 

The condition on matrix-valued charges 

[AoAY^' {A,^){AjA) =Alocl (83) 

is the same as Eg. ([7DD . The submatrix T induced from 

Ms' (^^y\M){M)^ (84) 



is given by 



{S){N^) 



Ml 



%,^x^-^^^^. (85) 
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The flavor symmetry yields the conditions 

- 4Tij + ai + bj + a + b -28 = mod 210, (86) 

(AoA) '" (AiA) {B,B) = (AsA) {B,B) oc 1. (87) 

However, since only b is taken as an odd integer, we have no solution to satisfy 
Eg. (|86|) ■ This means the 3x3 matrix T = 0. 

Here we summarize the constraints on matrix- valued charges. First, we choose 

Ao = A=l, Ai = A2 = A3, Bi = B2 = Bs. (88) 

From Eqs.(|57|), (0), (^), (0), (0) and (|79|) the conditions are put in order as 



Al Bl Bl AsB^Bo, {BsB)\ {B^Bf oc 1, {B^Bf 9^ 1. (89) 

If [i?3, B] = [Bq, B] = 0, these conditions are inconsistent. Consequently, it is 
necessary for us to introduce a non-Abelian symmetry as the flavor symmetry. The 
above conditions are realized provided that B^, B, Bq and A3 correspond to the 
elements gi, g2, f?! and gig2 in the dihedral group 1^4 discussed in section 2. By 
taking the projective representation of D4 



As = (Ti, 53 = (72, 5o = aa, 5 = ( J ° | , (90) 



where ctj's represent Pauli matrices, we obtain the relations 

Al = Bl = Bl = 1, (91) 

A3B3B0 = (BsW = h (92) 

{BoW = ^3, (BoW = 1- (93) 

On the other hand, the conditions (|89|) are not satisfied in the case of the vector 
representation of D4 given in Eq.(|T^) f^. 



ttif we take 4x4 matrices, we can obtain the vector representation of D4 which satisfies the 
conditions (p9). However, we are interested in the projective representation associated to the non- 
comniutativity of coordinates. 
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5 Mass spectra and fermion mixings 

In the previous section the dihedral group D^ was introduced as an additional flavor 
symmetry. By using the dihedral flavor symmetry as well as Abelian R and non-i? 
symmetries, we now proceed to study mass spectra and fermion mixings. 
In section 3 we take the parametrization M = 15, A^ = 14 and 

ao + a = -4, hQ + h= -49. (94) 

Further, it was assumed that Z2io-charges of matter fields other than h are even and 
that ao = &j + hj = mod 4. By virtue of the dihedral flavor symmetry offered here 
the superpotential ( pO]) becomes 



Wi r^ Ml 



" [m) ^ ' [m) [ml ^ ' [m. 



(95) 



and leads to 

\{%)\ = m\ ~ Msp''''''. (96) 

From the relation x^^ r^ p r^ 10^^^ we obtain 

x^ ~ 0.23 ~ A. (97) 

As mentioned above, the gauge symmetry breaking takes place as 

SU{Q) X SU{2)r H SU{A)ps x Sf/(2)i x Sf/(2)^ H Gsm- (98) 

At the first step of the symmetry breaking fields Qq, Lq, Q, L and {Sq — S)/\/2 are 
absorbed by gauge fields. Through the subsequent symmetry breaking fields [/q, Eq, 
U\ W and (A'o^ - W)/^/2 are absorbed. 

The scale of colored Higgs mass is controlled by Coo, which is determined by 

- 4Coo + 3ao - 28 = mod 210. (99) 

The /i is also controlled by r^oo, which is determined by 

- 47^00 + ao + 26o - 28 = mod 210. (100) 
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Therefore, if we put 420 > 3ao - 28 > and -420 < Qq + 2&o - 28 < 0, then we have 



- 4Coo + 3ao - 28 
-4r/oo + ao + 2bo - 28 



-420, 



(101) 
(102) 



where we used oq = 26o = mod 4. In the case oq = 12 ~ 20, we have (\ 



00 



and then m 



90 ho 



(9(10 )GeV, which is consistent with the longevity of the 
proton. On the other hand, the parametrization oq + 26o = ~ —20 leads to a 
phenomenologically viable value of //, namely, /i = (9(10^~^)GeV. 

We now return to quark/lepton mass matrices. Mass matrix for up-type quarks 
is given by M.ij ~ x^^^ with 

- 4/iij + tti + 6j + 6o - 28 = mod 210. (103) 

In order to explain the experimental fact that top-quark mass is of C(fn), we put 



as + fes + &o - 28 = 0. 



Further, we take the parametrization 

ai - ag = 48, 
6i - 63 = 64, 

As a result, the mass matrix M. becomes 



02 - as = 32, 
62 - &3 = 32. 



(104) 



(105) 



M 



f X' X' A3 \ 

A^ A^ A2 
V A^ A2 1 ) 



(106) 



where we used Eq. (pTf) . Eigenvalues of A4 yield up-type quark masses as 

(m„, nic, mt) ~ (A'^t;„, A^, Vu). (107) 

Down-type quark mass is derived from Eq. (|66|) with Zij ~ x''*^, where 

- 4Cij + a, + aj + ao - 28 = mod 210. (108) 
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Then, under the parametrization ( |105|) we have 



Z~ A^ 



( \^ \' A3 \ 

A^ A^ A2 
V A3 A2 1 / 



(109) 



where 



C = 77(^3 -&3 + ao -bo) 
lo 



(110) 



and we put C > 0. Eigenstates of mass matrix (^) contain three heavy modes with 
their masses O{10^'^)GeV and three hght modes. When we choose 



C~2.5, 
hght mode spectra turn out to be[|T3| 

{rud, rris, mi,) ~ (X^Vd, >^^Vd, X^Vd)- 



In addition, the above choice of ( leads to the CKM matrix 113 



(111) 



(112) 



VcKM 



(I X X'\ 

X 1 x^ 
V A3 A^ 1 ) 



(113) 



at the string scale |jT3[. It should be noticed that in the present model the element (1, 
3) of VcKM, i-e., Vub is suppressed compared with the element (3, 1), i.e., Vtd- 

In the charged-lepton sector the mass matrix is of the form (|7TD with Tiij ~ x^'^ , 
where 

- Ariij + bi + bj + ao- 28 = mod 210. (114) 

The matrix Ti becomes 



n^x'' 



( X' x^ x^ \ 

A6 A^ A2 
V A^ A2 1 / 



where 



V = — (&3 -as + ao-bo) 



(115) 



(116) 
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Table 3: Assignment of Z2io-charges for matter superfields 





(a. 


0-2 


^3 \ 


[ flo 


a\ 




[h 


&2 


h ) 


V ^0 


5/ 


LMA - MSW 


1 78 


62 


30 \ 


( ^^ 


-16 \ 


solution 


1,74 


42 


10 J 


1,-12 


-37 j 


SMA - MSW 


/72 


56 


24 \ 


/ 20 


-24 \ 


solution 


1,84 


52 


20 J 


1,-16 


-33 ) 



and we put r^ > 0. Eigenstates of mass matrix (|7TD also contain three heavy modes 
with their masses (9(10^^)GeV and three light modes. When we choose // ~ 0, light 
mode spectra arefl^ 



(me, m^, rrir) ~ (A Vd, X ■ v^, X Vd). 



:il7) 



As seen soon later, this case corresponds to the LMA-MSW solution |^U|, ^. In the 
case ^ ~ 2, light modes become [^ 



i2.5„ 



(me, rUf,, rrir) ~ (A ' Vd, X Vd, X ■ Vd) 



:ii8i 



which corresponds to the SMA-MSW solution]^, |21|. In Table 3 we show interesting 
examples of assignment of Z2io-charges for matter superfields. From this Table we 
find 

Coo = 2, 7700 = 95, C = 2.75, 7^ = 0.25 (119) 

in the LMA-MSW solution and 



Coo 



in the SMA-MSW solution. 



7700 = 95, C = 2.5, r, = 2 



(120) 
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In the neutral sector the mass matrix is given by Eq.([76D with T = 0. The mass 
matrix S is given by 



S^J ~ X"'^ 



Ms 



X 



:i2r 



with 

- Aaij + ai + aj + 2a - 28 = mod 210. (122) 

In the LMA-, SMA-MSW solutions we obtain ass = 0, 98, respectively, which lead 
to 



S 



X 



f A6 A^ A3 \ 




/ A^ A3 A \ 


A^ A^ A^ 


, x' 


A3 A2 1 


U^ A^ I ) 




[ X I p ] 



(123) 



respectively. From the above mass matrix eigenvalues of S are (9(10^^~^^)GeV and 
then sufficiently heavy compared to those of M . Therefore, in seesaw mechanism an 
important role is played by the submatrix M . The Majorana mass matrix M is given 

by 



U^J ~ X"^^ 



M. 



X 



vij+mi^ 



(124) 



with 



- Avii + bi + bi + 2b -28 = mod 210. 



^ij -r 1^1 -r wj T ^(y — ^u ^ w iiiwu. ^xu. (125) 

From Table 3 this yields z/33 = 32, 39 in the LMA-, SMA-MSW solutions, respectively. 
Then the Majorana mass for the third generation is obtained as 



TUNC 



C(10^^)GeV (LMA), C(10^")GeV (SMA). 



(126) 



Thus we find the hierarchical Majorana mass matrix 



Af 



~ [X 



44 



x"^^) X 



/ A8 A^ A^ \ 

A*' A^ A2 
V A^ A2 1 ) 



(127) 



in the LMA-, SMA-MSW solutions, respectively. It is worth noting that Dirac mass 
hierarchies in the neutrino sector cancel out with the Majorana sector in large part 
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due to seesaw mechanism. Eigenstates of the 15 x 15 mass matrix ([76|) contain twelve 



heavy modes and three hght modes. Light mode spectra turn out to be|T4| 



v-" 



Ki, m,2, m^s) ~ ^^ X (A^ A^ A^), (128 



m^i 



v^ 



(m,i, m,2, m,3) ^ x (A^ A^ A^) (129) 



mNi^ 



in the LMA-, SMA-MSW solutions, respectively. Furthermore, the mixing angles in 
the MNS matrix become [0 



tan6'i2 ~ vA, tan 6*23 ~ vA, tan 6*13 ~ A, (130) 

in the LMA-MSW solution and 

tan6'l2~A^•^ tan 6^23 ~ v^, tan 6*13 ~ A^ (131) 

in the SMA-MSW solution. It should be emphasized that the mixing angle tan ^13 
in the lepton sector becomes C(A), C(A^) for the LMA-, SMA-MSW solutions, re- 
spectively. Whether we obtain the LMA-MSW solution or the SMA-MSW solution 
depends on the Abelian flavor charge assignment. Concretely, the solutions are gov- 
erned by the parameter 77 = (63 — 03 + ao — 6o)/16. 

In the present model the massless sector at the string scale contains extra particles 
beyond the minimal supersymmetric standard model. In the course of the gauge 
symmetry breakings many particles become massive or are absorbed by gauge fields 
via Higgs mechanism at the intermediate energy scales. Therefore, integrating out 
these heavy modes we derive the low-energy effective theory in which large extra- 
particle mixings cause an apparant change of the Yukawa hierarchies for leptons and 
down-type quarks. 



6 Summary and discussion 

String theory naturally provides discrete symmetries in which non- Abelian symmetry 
as well as Abelian R and non-i? symmetries are contained as the flavor symmetry 
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in the four- dimensional effective theory. Dihedral group D4 introduced here is a 
possible example of non-Abelian symmetry expected in the string theory. In non- 
commutative compact space the coordinates become non-commutative operators and 
then are described in terms of the projective representation of the discrete symme- 
tries. Explicitly, we take the projective representation of D4. Since the deformation 
of the compact space is expressed by functions of the coordinates, massless matter 
fields in the effective theory are also described in terms of the projective representa- 
tion and become matrix-valued. Thus we have a new type of selection rule coming 
from the projective representation of the discrete symmetry. This selection rule plays 
an important role in explaining the phenomenological fact that the scale of Majo- 
rana mass of R-handed neutrinos is almost equal to the geometrically averaged value 
between Ms and M^. 

By using the dihedral flavor symmetry as well as Abelian R and non-R symmetries, 
we studied mass spectra and fermion mixings. Under an appropriate parametriza- 
tion of the flavor charges our results come up to our expectations and are phe- 
nomenologically viable. The breaking scale of GUT-type gauge symmetry becomes 
(9(10^^~^^)GeV and the longevity of the proton is guaranteed. The scale of /i be- 
comes (9(10^~^)GeV. Majorana mass of R-handed neutrinos for the third generation 
turns out to be (9(10^'^~^^)GeV. An attractive account is also given of characteristic 
patterns of quark/lepton masses and mixing angles. Whether we obtain the LMA- 
MSW solution or the SMA-MSW solution depends on the Abelian charge parameter 
r] = (63 - 03 + flo - bo)/16. 

Finally, we touch upon the anomaly of the discrete symmetry Zmn- If the Zmn 
symmetry arises from certain gauge symmetries and if the anomaly cancellation does 



not occur via the Green-Schwartz mechanism ||2^, the Zimn symmetry should be 
nonanomalous p3|, ^^. Since the gauge symmetry at the string scale is assumed to be 
SU{6) X SU{2)r, the mixed anomaly conditions Zmn ■ {SU{6)Y and Zmn ■ {SU{2)n)'^ 
are imposed on ZM^r-charges of massless matter fields. In the present model the 
matter fields are (15, 1), (6*, 2) and their conjugates under SU{6) x SU{2)ji. Then 
we obtain the mixed anomaly conditions 

4aT + 2bT = I8qe, Gbr = 26qe mod MN (132) 
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for SU{6) and SU{2)r, respectively, where 

3 3 _ 

aT = ^ai + a, br = ^bi + b. (133) 

i=0 i=0 

The present parametrization with M = 15 and A^ = 14 turns out to be inconsistent 
with the above anomaly conditions. The anomaly conditions yield stringent con- 
straints on M , N and Z^f^r-charge assignments for matter fields. Exploration into 
nonanomalous solutions with the discrete group Zm(-R) x ZAr(non— i?) together with 
the dihedral group D4 will be discussed elsewhere. 
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